Introduction
Let A be the class of all holomorphic functions f in the open unit disc ∆ with the normalization f (0) = 0, f ′ (0) = 1, and let S denote the subset of A which is composed of univalent functions. We say that f is subordinate to F in ∆, written as f ≺ F , if and only if f (z) = F (ω(z)) for some holomorphic function ω such that ω(0) = 0 and |ω(z)| < 1, for all z ∈ ∆. The class of starlike functions S * can be defined in various ways, and for example, we say that f ∈ A is starlike if it satisfies the condition that
where p(z) = (1 + z)/(1 − z). Several subclasses of S * have been defined in the literature by choosing appropriately the arbitrary function p(z) in (1.1). We consider it worthwhile here to mention some useful geometric transformations that arise when the function p(z) is chosen suitably. Thus, it is easily observed that when (i) p(z) = 1+(1−2α)z 1−z , α < 1, then under this transformation, the image of the unit circle |z| = 1 is a straight line ℜ(w) = α, while the image of the unit disc ∆ is the half plane ℜ(w) > α. In this case, a function f ∈ A satisfying (1.1) is called starlike of order α and the family of all such functions is denoted by S * (α).
; see [7] [8] [9] .
where
is called the Jacobi elliptic integral, and t ∈ (0, 1) is such that
where the branch of the square root is chosen in order that
is an interior of the right loop of the Lemniscate of Bernoulli {w ∈ C : ℜ (w) > 0, |w 2 − 1| < 1}; see [10, 11] .
, where the branch of the square root is chosen in order that
In cases (i)-(viii), the function p is a convex univalent function. In [13] , Ma and Minda proved some general results for functions f ∈ A satisfying (1.1), where p is assumed to be univalent, p(∆) is assumed to be symmetric with respect to real axis and starlike with respect to p(0) = 1. The problems in the class defined by (1.1) become much more difficult if the function p is not univalent. We will consider such class of functions in the present work. An interesting case, when the function p is convex but is not univalent, was considered in [14] . It would be very interesting to find what extra information can be attained (or gained) by using the defining condition (1.1), instead of the weaker condition that
given a non-univalent p.
Main results
We first recall here the following class of functions introduced in [15] , in which the estimates of coefficients and other connected results were investigated. The related classes of functions were also studied in [16, 17] . Definition 1. The function f ∈ A belongs to the class SL, if it satisfies the condition (1.1) with The function (2.1) is not univalent in ∆, but it is univalent in the disc |z| < (3 −
, and it may also be noticed that 
then upon performing simple calculations, we find that
and we rewrite (2.2) in the following form:
Recall here that a shell-like curve also called as the conchoid of de Sluze (René François Baron de Sluze 1622-1685), can be described as follows.
A ray OA is drawn from the point O(0, 0) and it cuts the directrix x = a, where a > 0 at the point A(a, b). From the point A(a, b), segments AB and AC are laid off in either direction along the ray such that
where k > 0 is given. As the ray revolves, the point M describes a curve (called the conchoid of de Sluze) whose equation is given by
while the point N describes a curve which may be termed as being conjugate with the conchoid of de Sluze, whose equation is given by 5) and it may be noted that b = ay/x. For k = 2a, the conchoid of de Sluze (2.4) becomes the trisectrix of Maclaurin (Colin Maclaurin 1698-1746) whose equation is 6) while the conjugate with the conchoid (2.5) becomes the conjugate with the trisectrix of Maclaurin whose equation is of the form:
Therefore, it follows that the image of the unit circle under the function  p, described in (2.3), is translated and revolved trisectrix of Maclaurin given in (2.6) with a = (1 − 2τ )/(10) = 
which leads to the following corollary.
Corollary 1.
Let SL and S * (a) be defined as above; then
where a = √ 5/10 ≈ 0.2236, which means that if f ∈ SL, then it is starlike of order a and so it is univalent in the unit disc ∆.
From (2.1), we infer that
With the particular assigned values (as described above), the graphic representations of the functions arising from Definition 1 are given in Fig. 1 .
We now show the relevant connection of the function defined by (2.1) with the Fibonacci numbers. Let {u n } be the sequence of Fibonacci numbers u 0 = 0, u 1 = 1, u n+2 = u n + u n+1 (n = 0, 1, 2, 3, . . .); then we have
(n = 0, 1, 2, 3, . . .).
(2.8)
On putting τ z = t, we get
(2.9)
Using now (2.8) and (2.9), we get
with the coefficients p n satisfying
Let us set
If we put (as before) ℜ   f (e iϕ )  = x and ℑ   f (e iϕ )  = y, ϕ ∈ [0, 2π ) \ {π }, then after some calculations, we get
Consequently, the function (2.13) maps the unit circle onto a curve which forms a conjugate with the trisectrix of Maclaurin (see (2.7) and its equation is
where b = (1 − τ )/10 = (1 + The functions p and  f are connected by the relation
Thus, we have
Therefore,  f ∈ SL and  f plays the role of an extremal function in this class. If we let τ z = t, then
(2.14)
Moreover, if f ∈ SL and
for each integer n ≥ 1. This estimation and the next lemma were established in [15] .
Lemma 1. A function f belongs to the class SL if and only if there exists an analytic function q, q ≺  p, such that
Let S * (α) denote the class of starlike functions of order α defined in (i), and let S * (A, B) be the subclass of S * defined in (ii). We now formulate the following theorem for these classes of functions.
Theorem 1. If a function f belongs to the class SL, then there exist a function g ∈ S
* (0, −τ 2 ) and a function h (starlike of order
Proof. Let f ∈ SL. Then by Lemma 1, there exists a holomorphic function ω(z) with ω(0) = 0 and |ω(z)| < 1, for z ∈ ∆ such that
We note that
and hence, we can rewrite (2.19) in the form
where × denotes the ordinary multiplication. Using the structural formulae for the classes S * (A, B) (see [2, p. 315] ) and S * (α) (see [18, p. 172]), we find that the functions g, h defined in (2.21) satisfy g ∈ S * (0, −τ 2 ) and h ∈ S * (1/2), which proves Theorem 1.
In the case, when the functions g ∈ S * (0, −τ 2 ) and h ∈ S * (1/2) are generated by their structural formulae with the same function ω, then we can prove the converse by using (2.20) and (2.21) to show that the function f is such that
is in the class SL.
Our next result gives the distortion inequalities for a function f belonging to the class SL which is contained in the following theorem.
Theorem 2.
If f ∈ SL and |z| = r, 0 ≤ r < 1, then Proof. Let f ∈ SL be given by (2.15), and let
Then, upon using (2.16), we conclude that |a n | ≤ |b n | = |τ | n−1 u n , for each integer n ≥ 0. It may be observed that the even coefficients b n are negative, while the odd are positive, and if z = re iθ , then from the coefficient inequality |a n | ≤ |b n |, we
|b n ||z| n−1
and we get the upper bound of the inequality (2.23). It is easy to see that the upper bounds are sharp, being attained by the function  f ∈ SL at the point z = −r. To find the left-hand side of the inequality (2.22), let us recall (see [2, pp. 315-317] ), that if g ∈ S * (0, −τ 2 ), then (for |z| = r, 0 ≤ r < 1)
By Theorem 1, we infer that |zf (z)| = |g(z)||h(z)| with g ∈ S * (0, −τ 2 ) and h ∈ S * (1/2), and multiplication of (2.24) with (2.25) leads to the left-hand side of (2.22). To prove the left-hand side of the inequality (2.23), we note that by Corollary 1, if f ∈ SL, then f is starlike of order a. The desired inequality will now follow from the well known inequality for |f ′ (z)| with f ∈ S * (a); see for example [18, pp. 139-140] . 
